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Hecke Basis Problem –
– Eichler Pizer
Shemanske elliptic modular case










$\Gamma_{0}(q)=\{(\begin{array}{ll}a bc d\end{array})\in SL_{2}(Z)|c\equiv 0(mod q)\}$ ,
$M_{2}(\Gamma_{0}(q))=$ {elliptic modular forms of weight 2 w.r.t. $\Gamma_{0}(q)$ },
$S_{2}(\Gamma_{0}(q))=$ {elliptic cusp forms of weight 2 w.r.t. $\Gamma_{0}(q)$ },




$a(f, 1)=1$ Hecke-eigenform $f\in S_{2}(\Gamma_{0}(q))$ newfo$rm$ $S_{2}(\Gamma_{0}(q))$
Q-rational Hecke-module facto$r$
Pizer [Pi80]
$\mathcal{D}=$ the $(q,\infty)$-quaternion algebra over $Q$ ,
$\mathcal{O}=$ a maximal order in $\mathcal{D}$ ,
$H=$ the class number of $O$ ,
$\mathcal{I}_{1},$ $\cdots,\mathcal{I}_{H}$ :left O-ideal classes ,
$\mathcal{I}_{1j}=\mathcal{I}_{j^{-1}}\mathcal{I}_{1}$ ,
$\mathcal{O}_{j}=\mathcal{I}_{jj}=$ the right order of $\mathcal{I}_{j}$ (also a maximal order in $D$ ),
$\theta_{1j}(z)=\frac{1}{\#\mathcal{O}_{j^{X}}}\sum_{x\in \mathcal{I}:}.\exp(2\pi\sqrt{-1}\frac{N_{\mathcal{D}/Q}(x)}{N(I_{ij})}z)$ ,
:rank 4 .
$\theta_{:j}$ $(i, 7)$- $HxH$-
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$( \theta_{1j})_{1\leq i,j\leq H}=\sum_{n=0}^{\infty}B(n)\exp(2\pi\sqrt{-1}nz)$
with the Brandt matrices $B(n)\in M_{H}(Q)$
$n\geq 1$ $B(n)\in M_{H}(Z)$
Basis Problem
Theorem (Eichler) $\theta_{:j}\in M_{2}(\Gamma_{0}(q))$
(1) $M_{2}(\Gamma_{0}(q))=\{\theta:j|1\leq i,j\leq H\}_{C}$ : the C-span of $\theta_{1j}’ s$ ,
(2) $H=\dim_{C}M_{2}(\Gamma_{0}(q))$ ,
(3) $(\theta_{1j}|T(n))_{1\leq i,j\leq H}=B(n)(\theta_{1j})_{1\leq i,j\leq H}$
$T(n)=the$ n-th Hecke operator $0$
Remark $j(1\leq j\leq H)$ $(\theta_{1j})$ $j$
. $\dot{W}_{j}=\langle\theta_{1j}|1\leq i\leq H\}_{C}$
(3) $M_{2}(\Gamma_{0}(q))$ Q-rational Hecke-submodule
$W_{j}$ $H$ $H$ vector space $M_{2}(\Gamma_{0}(q))$
( ) Hecke
Conjecture 1 (Hecke) $\forall_{W_{j}}=M_{2}(\Gamma_{0}(q))$ ? $\backslash$
2 Theorems
Definition $\mathcal{O}_{j}$ : of type I (resp. II)
$\Leftrightarrow^{def}\mathcal{O}_{j}\cong no$ other (resp. just one another) $0_{k}$
Fact (1) $\forall$ maximal order in $\mathcal{D}$ ce some $\mathcal{O}_{j}$ ,
(2) Each $O_{j}$ is of type I or II.
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$T=$ the type number of $\mathcal{D}$
$=\#$ { $isomorphism$ classes of maximal orders in $\mathcal{D}$ }
Theorem (1) $T=\dim_{C}M_{2}^{-}(\Gamma_{0}(q))$ ,
(2) $\frac{H}{2}<T\leq H$ ,
(3) $T=H\Leftrightarrow q\leq 31,$ $q=41,47,59$ or 71.
Theorem (Ponomarev) $\mathcal{O}_{j}$ :of type I
(1) $\theta_{1j}\in M_{2}^{-}(\Gamma_{0}(q))$ for $\forall_{i}$ i.e. $W_{j}\subseteq M_{2}^{-}(\Gamma_{0}(q))$ ,
(2) $\mathcal{O}_{i}\cong \mathcal{O}_{k}\Rightarrow\theta_{1j}=\theta_{kj}$ .
( $W_{j}$ $T$ )
Example $q=37$
$\dim_{C}M_{2}(\Gamma_{0}(37))=3$ , $\dim_{C}M_{2}^{-}(\Gamma_{0}(37))=2$
$\exists W_{j}\subseteq M_{2}^{-}(\Gamma_{0}(37))\neq M_{2}(p_{0}(37))$ .
:
Conjecture 2





Example (Pizer-Ohta) $q=67$ $H=6$ $T=4$
$S_{2}^{+}(\Gamma_{0}(67))=(f_{A})_{\mathcal{H}}$ , $S_{2}^{-}(\Gamma_{0}(67))=(f_{B}, f_{C})_{lt}$ .
2 1,2
$f_{A},$ $f_{B},$ $f_{C}$ : newforms in $S_{2}(\Gamma_{0}(67))$ ,
$\langle$ $\rangle_{\mathcal{H}}=the$ C-span of their conjugates,
$\dim_{C}\langle f_{A}\rangle_{?t}=2$ , $\dim_{C}\langle f_{B})_{?t}=1$ , $\dim_{C}(f_{C})_{tt}=2$ .
$\mathcal{O}_{1},$ $\mathcal{O}_{2}$ : of type I,
$\mathcal{O}_{3}\cong O_{4},$ $\mathcal{O}_{5}\cong O_{6}$ : of type II,
$W_{1}=W_{2}=M_{2}^{-}(\Gamma_{0}(67))$ ,




Pizer la $q\leq 97$ $q=67$
Remark Conjecture 2 OK $\Leftrightarrow$ newform
Deflnition newform $f$
$\Leftrightarrow^{d\epsilon f}\{ii)i)$ $f\in f\in S_{2}^{-}(\Gamma_{0}^{0}(q))S_{2}^{+}(\Gamma(q))$ $f\in W_{j}for^{\forall}jf\epsilon^{\forall}W_{j}$
,









$c_{0_{\dot{\mathfrak{U}}^{ecture}}}$ $3$ $q$ $W_{j}=M_{2}(\Gamma_{0}(q))$ $W_{j}$ ?
:
Counter Example $q=307$ $H=26,$ $T=16$
$S_{2}^{+}(\Gamma_{0}(307))=(f_{A}\rangle_{\mathcal{H}}, S_{2}^{-}(\Gamma_{0}(307))=\{f_{B},$ $f_{C},$ $f_{D},$ $f_{B},$ $f_{F},$ $f_{G})_{t},$ .
10 1, 1, 1, 1, 2, 9
$\#$ ( $\{f_{B}, f_{C}, f_{D}, f_{B}\}$ $W_{j}$ ) $\leq 3$ for $\forall_{j}$ .
$\forall_{W_{j}}\neq M_{2}(\Gamma_{0}(307))$ !





Observation 1 newform $f$
$\Rightarrow\exists_{i\neq j}$ $s.t$ . $W_{i}=W_{j}\oplus(f\rangle_{?t}$
Observation 2 $S_{2}^{+}(\Gamma_{0}(q))$ 1 factor $\langle f\rangle_{\mathcal{H}}$ ( $f$ newform)
$f$ : $\Leftrightarrow(f\rangle_{?i}=S_{2}^{+}(\Gamma_{0}(q))$
( dimc $S_{2}^{+}(\Gamma_{0}(q))=1$ )
$q\leq 997$
$\#$ { $S_{2}^{+}(\Gamma_{0}(q))$ 1 factor } $=9$ ,
$\#$ { $S_{2}^{+}(\Gamma_{0}(q))$ 1 factor } $=24$.
Observation $ $S_{2}^{-}(\Gamma_{0}(q))$ 1 factor ( $f\rangle_{H}$ ( $f$ newform)
$f$ : $\Leftrightarrow f$ strong Weil curve
rational torsion $poi_{\grave{I}^{n}}\iota t$
rational torsion point Fourier
$a(f,p)\equiv 1+p(=a$(Eisenstein , $p$) $)$ mod $\ell$ for
$\forall$
prime $p\neq q$
( $\ell=torsion$ order) $s$
Theorem (Brumer-Doi) $\ell$ $\frac{q-1}{12}$ $j$
$\exists_{f}\in S_{2}(\Gamma_{0}(q))\cap W_{j}$ : newform,
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$\exists\iota|\ell$ : $f$ Fourier $K_{f}=Q(a(f, n)s)$ prime
$s$ . $t$ .
$a$ ( $f$ , n)\equiv a(Eisenstein , $n$) $mod l$ for $\forall_{n}\geq 1$
Brumer-Doi




$\#$ { $S_{2}^{-}(\Gamma_{0}(q))$ factor } $=178$ ,
$\#$ { $S_{2}^{-}(\Gamma_{0}(q))$ factor } $=48$
$S_{2}^{+}(\Gamma_{0}(q))$ 2 factor
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